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Introduction
Discussions of quantitative literacy often focus on skills relevant to citizenship
and therefore useful to all students. Particular disciplines also require a kind of
numeracy that is often lacking in students and not represented in courses aimed at
a general audience. Mathematics instruction assumes that students will be able to
apply abstract concepts in their future science courses, yet the problem of transfer
is known to be a difficult one. Some researchers postulate that transfer requires
local knowledge of the phenomenon and emerges in response to context (Salomon
and Perkins 1989; Renkl et al. 1996). Even defining what numeracy might mean
for a biology student (for example) is tricky. Richards takes the right first step in
this direction, stating:
The concept of quantitative literacy is rooted in the connection between mathematics and
reason . . . When teaching mathematics is seen as a way of teaching people how to think,
it can no longer be isolated. Its implications spread throughout the curriculum and it has
a place in every class. (Richards 2001)

In grappling with what this statement implies for a biology or pre-medical
student, one is forced to consider what aspects of mathematics “give reason” to
biology. The ability to model change in biological quantities has been a
productive force across all of the biological sciences and is naturally connected to
the beginning calculus courses that most biology and pre-medical students take.
Since 2003, Wallace has been teaching a course targeting this audience, designed
to take advantage of the natural utility of modeling with systems of ordinary
differential equations in a variety of biological contexts.
The course has been through many revisions, simultaneously strengthening
the mathematics content and expanding the range of biological contexts
approachable by the students. Steen points out the difficulty of embedding
mathematics in a rich situation without losing focus.
Connecting mathematics to authentic contexts demands delicate balance. On the one
hand, contextual details camouflage broad patterns that are the essence of mathematics;
on the other hand, these same details offer associations that are critically important for
many students’ long term learning. (Steen 2001)

This case study offers an example of a course that seems to have succeeded
in achieving this balance. Biology students use the course to strengthen not only
their mathematics, but also their understanding of biology and medicine, although
by doing so they avoid a second traditional calculus course. Schneider (2001)
comments that this tradeoff is an acceptable necessity. Students seem to agree:
In this class I've actually, for the first time in my life, found math useful and interesting,
which is what I'll need if I want to pursue a career in science.
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A course that explicitly creates the link between the abstract structure of
mathematics and specific research questions in a scientific discipline gives
students a roadmap they can follow to transfer their understanding of mathematics
to a scientific context. Applications of Calculus to Medicine and Biology, is one
example of such a course.
In the next section, we describes the course in detail, including its goals, the
topics covered, timing, student work, and useful resources. Under “Analysis” we
describe the evaluation methods and results according to the dimensions along
which change could be measured. Then we describe the impact of the course on
the instructor’s ability to integrate research and teaching. We close with our
conclusions and interpretations. Funding for this project was provided by the
National Science Foundation (NSF DUE-0736749).

The Course
Instructor’s Goals and Beliefs
The goals of the course have evolved over its duration. At the start, the object
was to impress biology students with the utility of calculus to their field and get
them to think about dynamical systems to the point where they could at the very
least make sense of a phase portrait. Both of these goals were based on
conversations with faculty in the biology department. It is worth noting that the
biologists stated another goal that this course does not attempt to address:
understanding eigenvalues of matrices. The reason for ignoring eigenvalues is
just to keep the mathematics in one domain for the short nine-week winter
quarter.
A third goal rapidly emerged: to make the material relevant to premedical
students. Very few undergraduate courses address the career interests of these
students, and it was clear that, by doing this, the course would become attractive
to a larger population. One aspect of this goal is the prerequisite required—a
single semester of calculus. Another aspect is the official name of the course:
Math 4, Applications of Calculus to Medicine and Biology. The course counts as
the “second calculus course” desired by many medical schools. As with all new
courses, an important unspoken goal is to secure enrollments.
When constructing a new course with particular content goals, it is possible
to win the battle while losing the larger war. If students do not emerge from the
course with an increased appreciation of the utility of mathematics, confidence,
and a willingness to engage with real world problems, then the course has not
done much good on balance. In addition, students need to be willing to write
about mathematics to succeed in this course. While assessment of content goals is
the job of the instructor, these subtle attitude goals, described more fully under
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“Analysis,” were measured by the evaluator.
Improved performance in
subsequent biology courses is not an explicit goal of the course.
The instructor believes that learning should be hands-on, that doing
mathematics is far more instructive than talking about it, that students should be
given big open messy problems with multiple possible approaches (and therefore
answers). She also believes that students, even with just one semester of calculus
behind them, can do useful research. However the actual choice of curriculum
and general approach to the course was greatly influenced by a single early
conversation with Dartmouth Professor of Psychology Chris Jernstedt. The
instructor’s interpretation of this conversation is reproduced here.
Piaget gave the psychology of learning the notion of a “scheme” (Duckworth,
1996) or “schema” (Skemp, 1987). Loosely defined, a schema is a set of beliefs
(sometimes expressed as metaphors) and behaviors of an individual learner,
related to a particular phenomenon (the object of learning). Skemp (1987)
attempted to refine and explain this notion in the context of learning mathematics.
Harper (1987) and others used Skemp’s explanation as a basis for studying
student learning of particular parts of mathematics such as high school algebra (in
Harper’s work). Piaget is at pains to point out that a scheme for understanding
something (such as mass, a favorite topic of Piaget) may only be adequate for
understanding certain aspects of it. To grasp more complicated or subtle facts one
may actually have to break one’s existing schema and build a more
comprehensive and often very different one. Skemp makes the point that this is
the goal of almost every mathematics class: to build new schema in the student by
confronting mathematical patterns for which their current understanding is
inadequate. Mathematicians would recognize this as a pretty good psychological
description of the process of abstraction.
As an example in dynamical systems, the process of thinking about the time
series of a system is fairly straightforward for Math 4 students. Switching their
visualization to a phase portrait takes quite a bit of effort for them. Bifurcations
are even harder because they require the student to think about, not a single
system, but an infinite family of them that are all related. This is both an example
of increasing abstraction and also an example of building new schema in order to
ask questions that cannot be addressed with an earlier framework. It is the
essence of learning mathematics.
Chris Jernstedt stated that, in this emphasis, mathematics is very unusual. He
pointed out that, in the sciences, a single schema is exploited across many
domains and courses. Students stabilize a schema and become experts within it as
they employ it in the service of many different inquiries. The idea of natural
selection is a perfect example of what Jernstedt means. Once the concept of
natural selection is introduced, the student uses it in many biology courses, in
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environmental studies courses, anthropology, geology, and even perhaps in
medical school in the context of drug resistant strains or epidemiology.
In one short conversation, Jernstedt gave permission for a whole new kind of
math course, in which a single schema is established early and used repeatedly in
multiple contexts until it becomes a natural part of a student’s conceptual
framework. Jernstedt’s observation fit well with the instructor’s desire for her
students to become really good at using basic (highly coupled nonlinear)
dynamical systems rather than merely being exposed to a lot of interesting
mathematics and biology.
At this point the goal of the course came into focus. Students should
understand dynamical systems well enough to read the research literature that
applies nonlinear highly coupled systems to specific questions in biology or
medicine. This specific ability would be a measure of content mastery. Reading
the research literature is how students are most likely to make use of their
understanding beyond the end of the course.
To this end the instructor believes that in order to understand the literature
properly one must have the experience of producing it. This would include
generating one’s own research question, developing a model to answer it, and
running simulations. The course work would consist of three research papers
developing these different skills in the student. Problems would become less
well defined, messier, and more open as the quarter progresses. The type of
research problems students have studied are described in more detail below under
“Course Materials and Resources.” “Integration of Research and Teaching” notes
two papers that were accepted and presented at a professional meeting.

How the Course Works
The majority of students enrolled in Math 4 are planning a career in medicine.
Many but not all of these are majoring in biology. Typically the class has 15-20
students. Only one term of calculus is required, so this course satisfies the
“second calculus course” that the students believe they need for medical school.
The choice of biology topics is explicitly geared to this population. About one
third of the chapters in the text (Wallace, 2010) are medical topics and the rest
concern ecology. However the assignments are reversed, with two out of three
required papers usually addressing a medical question. The mathematics in the
course is confined to systems of ordinary differential equations. Because most
models in the literature are nonlinear, the students do not learn the classical linear
systems. Rather, they use software (described under “Course Materials”) to study
complex systems, compute equilibrium values and check for stability. Between
the mathematical theory and the biological question lies the crux of the course:
the ability to build mathematical models based on understanding of the underlying
biological phenomena, and to think critically about such models in the literature.
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Many of the students have not taken a math course for several years. Some
protest that they have forgotten all of calculus. The course begins with a short
reminder of what the derivative is and the simplest differential equation
(exponential population growth). Students need to think of the derivative as a rate
of change, not an algorithm for producing a function such as f’(x)=3 from another
function such as f(x)=3x. From the example of exponential population growth it is
an easy step to the pharmacokinetics of drugs given by intravenous bolus, which
gives an exponentially decreasing solution. Progress at this point is deceptively
slow, with a lot of attention to the biology and chemistry involved in the simple
assumptions governing the differential equations. From there we move to logistic
population growth and a two-box model of pharmacokinetics describing a drug
passing from G.I. tract to blood and then being eliminated. Students begin their
first paper in the second week of class. It is tightly prescribed, the equations are
well known in the literature, the parameters are specific to a given disease and
drug regimen, and the research problem is set by the instructor with only a few
degrees of freedom. The students attempt to solve the problem and write a paper
due two weeks later. They find it difficult.
As they are working on this first paper, the course proceeds through ever
more demanding ecological models, including predator-prey, competition models,
predator functional responses such as satiation, and larger highly coupled systems
with these basic features. Students learn to find equilibrium values, check for
stability, and read a phase portrait (in two dimensions). The text has examples for
students to practice in class and in groups. They also begin to see how the various
assumptions made about biology translate into the specific equations in the model.
The system for doing this is to begin with a box model (see Figure 1 for an
example) of inputs and outputs for various quantities to be modeled, then write
equations in verbal form describing all inputs and outputs, and finally place the
mathematical expressions in each equation.

Figure 1. An example of a box model for a double epidemic of SARS, with quarantine added.

Published by Scholar Commons, 2011

5

Numeracy, Vol. 4 [2011], Iss. 1, Art. 3

An example of a verbal equation corresponding to the topmost left box would
be: Change in exposed = (increase from susceptible) – (loss to infected) –
(quarantined).
This model is describing a strategy used for controlling a particular SARS
epidemic in China, where individuals were quarantined if they were exposed,
whether they got sick or not.
The discussion of a new problem is always from the biological system
downward, rather than from the equations upward. Preparation for the second
paper includes a group discussion of a particular research paper (Edwards and
Brindley 1999), which is an excellent example of the construction and analysis of
a predator-prey model. It also happens to be a beautiful piece of writing, and the
first few sections of it serve as a prototype for the second paper.
For the next paper the students are asked to pick an interesting topic in
ecology and model it, making use of the relationships they now understand. The
choice is wide open; some students modify an existing paper by examining and
altering the assumptions behind the model, and others build models from scratch.
Setting up a model is the main point of this paper and where most of the work
goes. Choosing the structure of the box model takes much thought and
discussion. The exact form of the equations must be thoroughly justified in the
paper. A large amount of time goes into estimating what the parameters are in
their equations. Identifying parameters usually involves tackling a lot of
literature, reworking units to be compatible with the model, and making quite a
few estimates. This is where laboratory science and fieldwork intersect most
strongly with the construction of models. Usually this paper takes three weeks,
and very little time is given to analyzing the resulting model. Some examples of
student projects were: “Modeling population dynamics of algae and silver carp in
the Taihu Lake ecosystem,” “The predation of flatworms on mosquito larvae in
rice fields as a biological control of mosquito disease transmission,” “An
investigation of interspecific competition: The effects of Lion predation and
competition with wild dogs on cheetah populations in the Serengeti.”
As they work on the second paper, the biology topics covered in class move
into the realm of medicine. The text explicitly discusses epidemiology and the
SIR (susceptible, infected, recovered) model, and ends with a chapter on malaria
that merely outlines the problem, offering no specific models. The text is doing
this on purpose, to force the students into the literature and away from reliance on
predigested expository material. The mathematical tenor of the discussion
changes from how a model is constructed to the types of behavior a model might
exhibit, such as the appearance of new equilibrium states due to a pitchfork
bifurcation or stable cycles arising from a Hopf bifurcation. A lot of attention is
given to how one might ask a model a question, what features of the computer
output really capture the answer to that question, and how to summarize the
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results of many computer experiments in a concise way. Students look at the
Edwards and Brindley (1999) paper again, as well as others, often including an
older paper on HIV by Nowak and May (1991) that is a useful example of how to
ask a less obvious question of a model.
At the end of six weeks of class the entire text has been covered, two papers
written, and at least one research paper read and discussed as a group. The
students are in a good position for their third paper, fully equipped with all the
tools they might be expected to use.
The third paper is on a medical topic chosen by the student, who is explicitly
directed to find a paper containing a model of some interesting phenomenon. The
paper must already have a good estimate of the constants (parameters) in the
model. This is an easier assignment in the realm of medicine than ecology, where
far more research and funding go into measuring such things. The student must
then do original research based on the model they have found. Some alter an
assumption and make a small change in the model, comparing their results with
the original paper. Some use the model as it is, but ask different questions that the
authors have not addressed. Some do a sensitivity analysis on the parameters of
the model. The time frame for this assignment is short, but the students seem to
be able to handle it. The last day of class is a poster session where everybody can
see what each group has done. Some examples of student projects were:
“Modeling HIV dynamics as applied to the pharmacokinetics of the anti-retroviral
drug Atripla,” “Effects of acquisition of sexual partners and condom compliance
on a model of HIV/AIDS transmission in Zimbabwe,” “Output comparison and
sensitivity analysis of four West Nile virus models in relation to species specific
population outputs and infection reproduction rates,” “Modeling gonorrhea rates
across genders as a function of access to health care in the United States.”
During the last few weeks of the course, a lot of time is spent working
directly on the papers in class. There are simply not enough hours in the day for
the instructor to meet with every group outside of class. There might be a few
short lectures on special topics. This is the place in the quarter where visitors may
come and talk to the class about their research. In 2010 Miranda TebohEwungkem spoke about her work on malaria models (Teboh-Ewungkem, 2009;
Teboh-Ewungkem and Yuster, 2010) just as the second paper came due. Two
groups of students used her work as a basis for their final papers.
To a mathematics instructor it may seem that too much time and effort are
devoted to establishing the models and too little devoted to studying them. The
result of such an approach turns the math professor into a storyteller. We argue
that the emphasis of the course is well placed. These students are in the process
of becoming scientists. The words that scientists use to describe the natural world
should be the very basis of each term in a differential equation modeling that
world. If the scientist cannot identify his or her stated assumptions or
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observations in the equations of a model and manipulate those assumptions at
will, it matters little whether that model exhibits a bifurcation or predicts
extinction. To make the mathematics meaningful we must be able justify every
aspect of a model with our words.

Course Materials and Resources
There are many excellent mathematical biology texts such as Murray (1993),
Edelstein-Keshet (2005), Yeargers et al. (1996), all of which provide the
instructor with inspiration and useful examples. All of these texts expect the
reader to know a fair amount of mathematics, and many of the examples are
launched without much discussion of the underlying science. While an excellent
choice for an advanced student in mathematics, these texts are too difficult for
biology students whose mathematical background is one course in calculus and
who have forgotten a lot of it. At the other extreme are standard calculus texts
that purport to serve majors in biology. These certainly contain biology examples
but in no way prepare a student to approach any subset of the mathematical
biology literature. What was needed was a text that begins simply with easy
discussion of systems leading to exponential increase and decrease, and proceeds
to more complicated models that lie strictly within the realm of systems of
ordinary differential equations. The text should give equal emphasis to the
science and to the math, with a lot of discussion about how models arise. Wallace
(2010) attempts to follow such a trajectory.
In addition the text should provide motivation. Biologists are interested in
mathematics because of what it can do for biology. Premedical students are
interested in biology because of its obvious connection to medicine. Often
premedical students are interested in medicine because of their concern with
socially important issues. Medicine always occurs in a social and cultural
context, and an explicit connection to such a context makes both mathematics and
biology more relevant for some students. However too much emphasis on context
might detract from the actual goal of the course. The text attempts to solve this
problem by picking one part of the world and relating every biological, medical or
mathematical topic to this particular context. The author chose East Africa,
specifically the region surrounding Lake Victoria, which is a rich source of
examples of ecological issues and infectious diseases.
The text should be easy for undergraduates to read and understand. It is
informal and is not meant to be a prototype for scientific writing or an
encyclopedia on the subject. The point is to lead the student gently towards the
literature. In Math 4 the text is completely done by the sixth week of a nine-week
course, with the remainder of the work and discussion centering on student
projects and papers from the literature. Edwards and Brindley (1999) serves as an
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ongoing prototype for clear writing about research, and other papers are selected
for discussion depending on the interests and needs of the students.
We do not use any formal text on writing, nor is it mentioned in the textbook.
We do look at how both good (as in the Edwards and Brindley paper) and bad
papers are constructed, what makes them work, and what features must be present
in order for the result to be “reproducible.” A reader of a research paper
containing mathematics should be able to reproduce the equations with the correct
constants on their own computer and get the same results as the authors. Students
become very critical of the literature that does not satisfy this criterion. Students
also look at some examples of good writing from previous courses. We devote a
portion of class time to discussing writing in mathematical biology.
The nature of the subject requires software for any serious investigation of a
complex system. Again, many fine packages are available. However the focus of
the course is not on learning a particular package. Most good packages are thick
with syntax and require some time and effort to become sufficiently familiar to do
even simple tasks. Math 4 needed software that did only a few things:
numerically integrate a big system of ordinary differential equations, display
graphical output as time series or in the phase plane, plot data points, read and
store values of the output. A special applet (Reid, 2009) was built for the course
and humorously named the Big Green Differential Equation Machine (after
Dartmouth’s nonexistent mascot, the Big Green). The students still suffer slightly
from syntax issues but they are easily resolved and much calculus is learned
during the course of using Big Green. In order to use the software a student must
be clear about the difference between parameters and initial values, must be aware
of the numerical dangers of very large derivatives, and must absolutely get the
idea of step size in an algorithm. The software need not be a completely black
box, as a short discussion of Euler’s method (repeated as often as necessary and
available in every standard calculus text and on Wikipedia) explains the main
idea.

Analysis
Methods of Evaluation
This section describes the evaluation of the course goals concerning student
attitude: a belief in the utility of mathematics, confidence, and willingness to
approach real world problems. We relied on three approaches to assess student
learning and overall response to the course: a quantitative attitudes survey, an
open-ended post questionnaire and classroom observation. Students completed the
pre-post Dartmouth Mathematics Survey, a 37-item, 5-point Likert-scaled
instrument (where 1 = strongly disagree and 5 = strongly agree,) created for the
course by the evaluation team, on the first and last class day. The survey is
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designed to measure changes in student attitudes about their abilities and interest
in mathematics and its applicability to their lives. The core questions of the
survey were drawn from the Mathematics Across the Curriculum Survey, which
has been used widely at institutions throughout the country. The original
Dartmouth Mathematics Survey was created as part of the NSF fundedMathematics Across the Curriculum Project 1995–2000 (NSF DUE-9552462).
Additional questions were developed to address specific course goals. Negatively
phrased questions have been reverse-scored so that changes in the desirable
direction are always positive.
At the end of the term, students completed an open-ended nine-item
questionnaire by e-mail to provide in-depth information about their response to
the course. Thirteen out of sixteen students responded with paragraph-length
answers. Finally, the evaluator observed all but three or four classes and gathered
informal feedback from students during the term. The responses in 2010 were
similar to prior years but data were not considered in aggregate because the
course itself was in flux and 2010 was the first year that all the pieces of the
course were in place. Because the sample is small, findings from the survey are
supported with data from student interviews and classroom observation.
The attitude survey showed strong improvement in student attitudes about
math. Whether measured by changes in a broad survey index, comprehensive
factors or individual questions, students met the course goals of greater interest in,
and appreciation for the usefulness of mathematics. To give a broad-brush sense
of attitude change we created a survey index by dividing each student’s mean
post-response by the mean pre-response; thus an index score greater than one
indicates change in the desired direction. While this rough index obscures many
fine points, it captures overall attitude movement. For the twelve 2010 Math 4
students for whom we have paired pre- and post-tests, the survey index is 1.11.
By comparison, the 106 Dartmouth students in a first term calculus course
enriched by five shorter, independent applications posted an index of 0.96 on a
closely similar survey.
Although this paper focuses on year three of the evaluation, when the course
was in its complete form, we used factor analysis on the pre-survey data from all
three years of students in Math 4 to extract four factors with high reliability.
These factors we termed, “Confidence” (Cronbach’s alpha= .76), “Utililty”
(alpha= .78), “Real Problems” (alpha= .85) and “Concept of Math” (alpha= .74).
The first two factors “Confidence” and “Utility” showed statistically significant
gains. The second two factors, “Real Problems” and “Concept of Math,” while
not statistically significant, are still important to consider as they indicate change
in attitudes that reflect the course goals. Even in this small population students
showed statistically significant gains in eight individual survey questions, all of
them directly relevant to the course goals. We will examine each factor
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separately, along with individual questions related to each factor. Two questions,
concerning reading the literature and writing research papers, are considered
separately under “Writing and Reading Mathematics” below. One question,
discussed under “Student Discomfort,” showed decline.

Enjoyment and Confidence in Doing Mathematics
The first factor, “Confidence,” comprises five survey items (1, 3, 8, 24, 26) all of
which link confidence and pleasure in doing math with engagement. The class
mean moved from 3.1 to 3.6 from the pre- to post-test for this factor. Students
clearly came to appreciate that when they are involved and contribute to the
process of mathematics they gain more confidence in their ability and ultimately
pleasure in doing mathematics.
I've learned how to build box models to create differential equations for many types of
scenarios: We constructed box models to quench our own curiosity, to find out how many
people would have gotten SARS had it hit the Beijing Olympics, to find out whether lion
predation or wild dog competition will cause cheetahs to go extinct faster in the
Serengheti. Most of all, I've learned that math is interesting, not just memorizing
equations....it’s actually fun, I actually tell people outside of class about the cool data my
models portrayed in my papers.

Two questions in this factor showed particularly strong gains. Question 1, “In
mathematics I can be creative and discover things for myself,” showed one of the
largest gains with the mean moving from 2.8 to 4.0. (p = .003). Students
perceived that the structure of the course and the rich set of problems allowed
them to draw on their background knowledge and experience to inform how they
developed their solutions.
This math course was different in the fact that we were supposed to come up with our
own solutions by thinking critically before the answer was given to us. Also, we built
upon the mathematical literature and used calculus to describe biological situations. This
course did not just deal with numbers, but also with real-life situations.
By writing a math research paper, I was able to demonstrate that not only did I
understand the papers I have read, but I was able to synthesize novel information from
them.

Thus, the experience of math in this course becomes similar to student’s
experiences in humanities courses where their own ideas are integral to their
scholarship.
Confidence is further indicated by the strong gains in question 24, “After I've
forgotten all the formulas, I'll still be able to use ideas I've learned in math,” with
the mean moving from 3.3 to 4.1 (p = .017). Students perceived that the concepts
they learned in mathematics would have utility beyond the duration of the course.
The skill of evaluating different papers and analyzing data will be useful in the future, I
think. Even though I hope to go to law school in the future I think these skills can be
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easily applied.
By paper 3, I believe I understood what qualifies a certain literature as excellent after
reading more than a handful of papers. I cannot say I've mastered mathematical modeling
but I can definitely put in my two cents if asked certain questions.

Utility of Mathematics to Science
The second factor, termed “Utility” (including items 5, 18, 30, 33, 35) showed a
strong gain with the class mean moving from 3.3 to 3.9. This factor references
students’ appreciation of the application of mathematics outside the classroom.
This course, unlike other mathematics courses, explicitly links mathematics with
doing science.
In most math classes that I've taken, I've spent time working through problems given by
the teacher and haven't spent time researching a biological phenomenon. Learning how
to apply this research to a model of the phenomenon is certainly something I wouldn't
have learned in any other class.

Students come to understand that math is not an instance of solving a given
problem, but, as in science, they have to find and define the problem. Through
reviewing the scientific data and developing their models, they come to
understand the biological systems.
One of the major benefits of writing the biological calculus research papers was that it
helped you learn the biological system much better. Understanding the complex workings
of the system and the factors that caused the most influence and change was instrumental
to understanding and remembering the biological system better.

Survey questions 30, “Doing mathematics raises interesting new questions
about the world” and 35, “Math helps me understand the world around me,”
showed statistically significant gains with the mean moving from 3.3 to 4.2 (p =
.005) on question 30 and from 3.0 to 3.7 (p = .013) on question 35. Student
comments give a dynamic picture of how the connection to other science
stimulates their interest and affinity to math.
In this math course not only do you get to interact with the professor, but you feel that
you can interact with the material as well. This class actually applies and gives reason to
those abstract concepts we learned in Math 3 and elsewhere. From this class I actually
learned HOW math is relevant to biology and medicine, and how it is used in our daily
lives ... like for example how pharmacologists decide what drug dose to give us and how
long in between doses.
I learned how to use differential equations to account for nearly every aspect of biology.
While no model is perfect and accounts for everything affecting a species/disease,
equations hypothetically could account for anything affecting what you're studying.
There are many people out there who abhor math, but they don't realize it's not because
they don't like the material, it's because they don't like WebWork [an online homework
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system] and lecture classes. Thanks to Math 4, I am definitely more interested in math,
and I even plan to take more higher-level math courses, something I never thought I
would do.

Students also found manipulating data to be compelling. Question 5, “I like
exploring problems using real data and computers,” showed a large gain, the
mean moving from 2.7 to 3.5 (p = .003). Students struggled in class to make their
models work—at times with significant frustration—yet by the end of the course
their attitudes had moved in the positive direction. In spite of their initial
resistance to using Big Green and other tools, they came to appreciate and value
how manipulating data with a computer can be extremely useful and even
enjoyable.
I learned a lot about the topics that I wrote my papers on, as well as different types of
mathematical modeling, such as using Big Green and designing tornado diagrams for a
sensitivity analysis in Excel.

As a whole, factor 2 highlights similarities of mathematics to science and
indeed all problem solving where students must bring their own resources to the
problem, make decisions about what is relevant and choose which of several
viable approaches is best.

Problems of Scientific and Social Importance
The third factor, “Real Problems” (items 16 and 25) refers to student’s preference
for problems with scientific and social importance. This factor showed strong
gains with the class mean moving from 4.0 to 4.3 from the pre- to post-test.
Although students entered the course with a positive attitude about working with
problems of this type, they still showed a positive gain in attitude.
Now that we are older, I think it is critical to include "real world" applications into math.
Using information from the WHO [World Health Organization] and other reliable
sources helped increase my interest in the topics as opposed to focusing on hypothetical
scenarios that have no relevance in my life.
[Writing papers] allowed us to have more emphasis on applying the math to something
real, instead of just doing a numerical problem.

The emphasis on Africa was of value to some students. In an informal setting
two students expressed their appreciation for this aspect of the course.

Math as an Open-ended Endeavor
Factor 4, “Concept of Math” (including items 6, 10,11, 13,19, 28, 29, 31, 36)
refers to the student’s perception of math as a closed vs. open-ended system. The
class showed positive gains with the mean moving from 3.6 to 3.8. While this is
not a large change it still shows movement in the desired direction. Individual
questions in this factor showed statistically significant changes and illuminate
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how student attitudes do change as a result of the course experience. Students
come to appreciate that judgment calls and guessing have a place in mathematics.
Question 11, “Guessing (conjecturing) is an important part of doing
mathematics,” showed a change in mean from 3.0 to 3.8 (p = .021) and for
question 36, “There's no such thing as a judgment call in mathematics” (reverse
scored), the mean moved from 3.3 to 4.1 (p = .043). This response indicates that
students gain an understanding that math is an open system and a useful tool.
When prompted, “Please tell me something you learned in this course.” One
student responded:
I learned that mathematics is not just numbers with right and wrong answers. It can be
much more complex, complete with ambiguity, and helpful in understanding the world
around us.

Students made a distinction that this class was unique from other math
classes in that it was not based around problem sets. It is interesting that the
messy problems presented in this class are viewed more as research than as math.
All other math courses have been very problem-based. Never have I had to do research
for a comparable course. By the end of the term, I found the ability to do so extremely
useful.

Writing and Reading Mathematics
Two questions capture some of the goals of the course not covered by the four
factors. Survey question 17, “Writing about mathematics makes it easier to
learn,” showed one of the largest positive gains, with the mean moving from 2.9
to 4.2 (p = .001). While this question was not an element of factor 4, it is closely
related. The process of writing papers changed the way students perceived
mathematics. They moved from the concept of math as a series of problem sets to
the broader idea of math as a process for connecting to science, as a basis for
scholarly argument and as a tool for critical thinking.
I've never written a math paper before. Writing a paper definitely changed what I
learned. Instead of just playing with numbers, I had to think about the impact of those
numbers in biologically relevant settings.
I learned how to use mathematics to supplement scholarly papers. While I'm used to
writing research papers, I had never used mathematics in this way as the basis for my
argument. This skill will definitely be helpful in future papers.

[Writing a research paper in biological mathematics] was the best part of the course
because I was able to learn the material by doing it myself and trying to answer questions
by myself.
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Question 22, “I can read a research paper in mathematical biology and get
something out of it,” showed the strongest gain of any individual question. The
mean moved from 2.9 to 4.3 (p < .001). This question is central to the stated goal
that students be able to understand and evaluate papers in the mathematical
biology literature.
The biggest value is that I came to feel more comfortable with reading math papers by the
end of the term. Before taking this class, I would not have imagined that I could've
understood what the papers were talking about, let alone write my own papers based on
them.
At first it was a little difficult for me to figure out, but the Prof gave us sample papers,
and went over how to find the thesis and information you are looking for. I can now
easily look at a preexisting mathematical biology paper and understand the gist of it.
This I have found will be very important for me as a future biologist. We also found that
some of the papers were in fact wrong; often the data given was not correlated to the
equations they gave, so I've definitely learned that you have to evaluate the modeling in
papers because many times the constants and data are slightly fabricated.
Though it was difficult, I think that reading original research was the most valuable part
of the course, specifically for the first paper (since it was more related to pre-med stuff!)
Extremely valuable; I now have confidence to read a lot of original research and at least
parceling out the important information.

Student Discomfort
Although the format of Math 4 works very well for the majority of students, for a
few students the uncertainties of not having a concrete answer and working with a
big messy problem, even if fully acceptable in science, are not comfortable for
them in math. For these students mathematics is about learning more math content
and not how to apply the math they know in a creative, integrated and precise
way. The following quotes are taken from all three years of the course because
there were not that many negative comments in any given year.
Writing papers is a handicap to the course. I can write, but explaining math concepts is
hard —not like doing problems. Problem sets would be more helpful. Papers seem kind
of arbitrary. You did the math to solve the question and explained with the graphs and
the writing is just busywork to fill in around the graphs. Why write to explain the math?
The professor knows what a differential equation is, so why spend all that time trying to
write it out?
The second paper was awful. Finding constants was a huge waste of time. It did not
teach us anything at all. Ninety five percent of the time was wasted looking on the
Internet and almost no math was done.
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We think these comments touch upon the ongoing discussion in the
professional community about what constitutes numeracy. Item 10 on the attitude
survey, “I don’t need a good understanding of math to achieve my career goals,”
went down significantly (4.4 to 3.8, p = .013, reverse scored), indicating that
students felt understanding math was less necessary to their careers after taking
the class. In view of all the positive comments and significant attitude changes in
other measures, we wonder if this particular item reflects student beliefs about
what mathematics is or ought to be, again highlighting the distinction between
mathematics, as it is traditionally taught, and something far closer to numeracy.
Student comments support this interpretation, as they may not perceive Math 4 as
an actual mathematics course.
This course had more emphasis on paper writing and less on problem sets. I feel like I
learned more about research papers in mathematics, but not necessarily any different
math.
I don’t think it had lots of calculus. I would barely call it a math course. There were no
numbers to crunch or formulas to remember. It was more of just a modeling class. I
would hardly call it a math class.

Integration of Research and Teaching
After some years of offering the course it became apparent that students were
tackling problems of comparable complexity, and getting results of comparable
value, to those in the literature. Also, as the instructor became more familiar with
the territory, the possibility of guiding research to a formal, publishable
conclusion became imaginable. The three-week time frame of any given paper in
the course is too short to achieve this goal. However there are strategies that can
get around such a constraint.
Students are now invited to write papers that improve upon (very good)
papers that have been done by Math 4 students in prior years. Although only a
few papers are worth building upon and only a few students choose to do so, a
steady stream of research projects is evolving. In addition to Math 4, there is also
a mathematical biology course (Math 27) for more advanced students, who have
had linear algebra and often the standard differential equations course as well.
Math 27 is co-listed and offered at the same time and place as Math 4. The few
students in that course (1-4 typically) can also build on prior Math 4 papers. Like
most departments, the mathematics department offers an independent study
course that students can use to complete a project. Additionally there are various
internships for which students may apply. In 2010, two papers from the 2009
offering of Math 4 were presented in class by the authors of those papers. These
events had the predictable result that two groups of 2010 students chose to work
further on those topics.
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In 2010 two papers that began as papers in Math 4 were accepted and
presented at the Society for Mathematical Biology annual meeting. One is on the
bioaccumulation of methylmercury in aquatic ecosystems (with data from Lake
Erie). The initial model was developed by two Math 4 students in 2009 and
brought to a convincing conclusion by two Math 27 students in 2010. The second
is a study of the epidemiology of West Nile virus begun in 2009 by a Math 4
student who studied the interaction of the mosquito vector with the avian reservoir
by comparing four published models implemented with the parameters studied in
six different bird species. Two Math 4 students in 2010 took the best model
found by that student, coupled it with the human population, and studied various
strategies for using insecticide to reduce the severity of an outbreak. Two papers
on the SARS epidemic from 2009 are the inspiration for an independent study
project in 2010, requested by a student from the 2008 offering of Math 4 who
wanted an interesting research project. One of the Math 27 students from 2009 is
continuing a project she started in that class and extending it to a senior thesis in
mathematics.
It seems that Math 4 is an ideal opportunity to integrate research and
teaching. It is also an opportunity to create a research community persisting
outside the classroom and spanning several years of students, with research
problems that arise naturally from within that community. With a backlog of
partially finished projects, interesting leads, and good starts, it is always possible
to provide a research project to a Math 4 student, a Math 27 student, or someone
seeking an internship, independent study, or senior thesis.
The instructor has extended this goal to her standard differential equations
class by assigning a short research project (supplanting one of the two traditional
midterm exams) and inviting interested students to pursue further work after the
course ends. She hopes that the stronger math background of those in the
standard differential equations class, frequently enhanced by familiarity with
advanced software packages, will be a good complement to the more practical
scientific perspective characteristic of Math 4 students. In 2010 two students (out
of 53) from the standard differential equations class have asked for research
projects.

Conclusions
It is possible to design a calculus sequel that makes calculus relevant to biology
and pre-medical students. Posing one’s own research question, framing it
mathematically and solving it puts the student in the position of the working
scientist who uses mathematics to address a question of interest. Interaction with
the research literature makes the student a part of that research community if only
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for a short while. Writing and presenting results allows students to use
mathematics to “give reason” to biology and builds confidence while doing so.
We concede that a small class is necessary for teaching Math 4 effectively.
Fortunately this precondition is met in many small liberal arts colleges,
community colleges, and some state institutions.
For a serious student of science, quantitative literacy goes far beyond
measuring the carpet. Mathematical biology includes a wide variety of topics, but
to give mathematical reason to biology requires a level of integration that few
mathematics courses ever achieve. We believe that the course described and
evaluated in this paper represents one successful example of numeracy for future
scientists. We also agree with the student who said:
Every biology major should take this course.
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